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Correlation Critical Exponents for the Six-Vertex Model
P. Falco
Department of Mathematics, California State University, Northridge, CA 91330
The six-vertex model on a square lattice is “exactly solvable” because an exact formula for the
free energy can be obtained by Bethe Ansatz. However, exact formulas for the correlations of local
bulk observables, such as the orientation of the arrow at a given edge, are in general not available.
In this paper we consider the isotropic “zero-field” six-vertex model at small |∆|. We derive the
large-distance asymptotic formula of the arrow-arrow correlation, which displays a power law decay
and an anomalous exponent. Our method is based on an interacting fermions representation of the
six-vertex model and does not use any information obtained from the exact solution.
PACS numbers: 05.50.+q, 71.27.+a, 64.60.F-, 64.60.Cn
I. INTRODUCTION
The six-vertex model on a square lattice is called “ex-
actly solvable” because of the discovery in 1967 of the
exact formula for the free energy [1–7]. Since then, there
has been an intense research activity on this model and
its transfer matrix [8–10]. That led to important re-
sults also for systems that are equivalent to the six-vertex
model in an exact or approximate form [8, 9, 11].
Many properties of the six-vertex model are deter-
mined by a characteristic parameter, ∆. It is of special
interest the critical case |∆| ≤ 1, in which the spectrum
of the transfer matrix was found to be gapless, and cor-
relations of local bulk variables are therefore expected to
display a large-distance power law decay. However, a di-
rect study of correlations that validates this prediction
has been in general very problematic.
In the simpler ∆ = 0 case, in which the six-vertex
model is a free fermion system, Sutherland [12] derived
an exact formula for the arrow-arrow correlation which
displayed staggered prefactors and power law decay. In
the general ∆ 6= 0 case, except for the case of some
non-local variables [13] and except for the non-critical
regime ∆ < −1 [14], exact formulas for correlations are
not known. Nonetheless, large-distance properties of the
arrow-arrow correlations have been inferred [15] on the
basis of two equivalences: a) the transfer matrices of the
six-vertex model and of the Heisenberg quantum chain
commute [16], hence the correlation of arrows placed
along the same lattice line must coincide with the Sz-
spin correlation of the Heisenberg model; b) the Heisen-
berg quantum chain is in the Luttinger Liquid universal-
ity class [17–20] (or can be studied via conformal field
theory [21]) and that fixes the power law decay of corre-
lations.
More recently, a different method has been introduced
to describe the critical phases of the six-vertex model, the
Coulomb Gas picture for the height variable [22]. How-
ever, it appears that no specific result that can be com-
pared with [15]’s analysis has been derived along this
route.
In this paper we consider the isotropic zero-field six-
vertex model and derive large distance asymptotic for-
mulas for arrow-arrow correlations at small |∆|. Re-
markably, our formulas are compatible with the features
predicted in [15], including the occurrence of an anoma-
lous critical exponent. Our approach is made of three
steps. First we recast the model into an interacting
dimers model following [23]; then we transform the dimer
problem into a interacting fermions systems; finally, we
study fermion correlations by the standard Renormaliza-
tion Group techniques used in condensed matter theory
[24–26]. Although this way of dealing with the six-vertex
model was already suggested in [27], we observe that the
technical implementation of the idea is new: the dimer
interaction obtained from the six-vertex model equiva-
lence turns out to be staggered, hence a different fermion
representation, with different symmetries, is used. We
also stress that our approach does not need any result
from the exact solution.
II. DEFINITIONS AND RESULTS
Consider a finite square lattice Λ′. A configuration ω of
the six-vertex model is obtained by drawing an arrow per
each edge of the lattice so that the number of incoming
arrow at each vertex is 2 (the ice-rule). At each vertex
there is one of the six possible arrangements of arrows
in Fig. 1: assign them positive weights p1, p2, . . . , p6. If
1 2 3 4
5 6
FIG. 1: The six-possible configurations of arrows.
nj(ω) is the number of vertex in the configuration ω that
2display the arrangement number j, the partition function
of the six vertex model is
Z =
∑
ω
6∏
j=1
p
nj(ω)
j .
We assume periodic boundary condition, so that n5(ω) =
n6(ω) and p5p6 counts as one free parameter. Our results
–as well as the analysis in [15]– are for the zero-field six-
vertex model, i.e. the case
p1 = p2 = a p3 = p4 = b ;
furthermore, for sake of simplicity, in this paper we will
only consider the isotropic case a = b. Without loss
of generality, we can fix p5 = a and parametrize p6 =
2aeλ, for a real λ. The characteristic parameter of the
six vertex model is
∆ =
a2 + b2 − p5p6
2ab
= 1− eλ .
The case ∆ = 0 is the free fermion case. Our goal is to
show that, at least for small |∆|, there are correlations
with power law decay. We consider the arrow orientation
observable. Let v0 and v1 be the two orthogonal vectors
that span Λ′; a point of the plane will be parametrized
by x = x′0v0 + x
′
1v1. For d a horizontal edge centered at
a point x, the horizontal arrow orientation σ0(x) is equal
to 1 if the arrow along d points to the right, otherwise it
is equal to −1; similarly, for d a vertical edge centered at
a point x, the vertical arrow orientation σ1(x) is equal
to 1 if the arrow along d points up, otherwise it is equal
to −1. In the infinite lattice limit, the arrow correlations
have the following large |x| asymptotic formula: for two
vertical arrows
〈σ1(x+ y)σ1(y)〉 ∼c0
x′
2
1 − x
′2
0
(x′20 + x
′2
1)
2
+ c−
(−1)x
′
0+x
′
1
(x′20 + x
′2
1)
κ−
,
(1)
for one horizontal and one vertical arrow
〈σ1(x+ y)σ0(y)〉 ∼ c0
−2x′0x
′
1
(x′0
2 + x′1
2)2
− c−
(−1)x
′
0−x
′
1
(x′0
2 + x′1
2)κ−
.
(2)
Each of the two above formulas is made of two terms:
the former term has the same power law decay of the
∆ = 0 case; the latter term has a power law decay with an
anomalous (i.e. ∆-dependent) critical exponent κ− = 1+
O(∆) and a staggering prefactor (−1)x
′
0+x
′
1 or (−1)x
′
0−x
′
1 ;
besides, c0 and c− are
2
pi2
+O(∆). Note that x′0+x
′
1 and
x′0 − x
′
1 are integers. As by-product of our approach,
we can obtain a Feynman graphs representation of the
expansion of κ− in powers of λ. For example, at first
order
κ− = 1−
2λ
pi
+O(λ2) ; (3)
therefore, if λ is positive and small (i.e. ∆ negative and
small), then at large distances the latter terms in (1) and
(2) dominate over the former ones. Formulas (1), (2)
and (3) are the main result of this paper. For ∆ = 0, (1)
coincides with Sutherland’s exact solution, see (6) of [12].
For ∆ 6= 0, (1), (2) and (3) as expected from [15], are in
agreement with the asymptotic formulas for the Sz–spin
correlations in the Heisenberg quantum chain [17–20].
As an application of this result, we consider the large
distance behavior of the covariance of the height variable
[28]. For u the center of a plaquette of Λ′, h(u) is the
integer variable such that: if x is the center of a vertical
bond
v0 · ∇h(x) ≡ h(x+
1
2
v0)− h(x−
1
2
v0) = σ1(x) ;
if x is the center of a horizontal bond
−v1 · ∇h(x) ≡ h(x−
1
2
v1)− h(x+
1
2
v1) = σ0(x) .
Because of the ice rule, h(u) is a scalar potential defined
up to a global constant. From (1) we find the large |x|
asymptotic formula
〈
[
h(x+ u)− h(u)
]2
〉 ∼ 2c0 ln |x| ; (4)
hence h(u) has the same large distance behavior of a
free boson field in dimension two. It is remarkable that,
because of the staggering prefactor, the latter term in (1)
does not determine the leading term of (4) regardless of
the sign of λ.
In the next sections we will derive (1), (2), (3); and we
will show how to obtain the application (4).
III. INTERACTING FERMIONS PICTURE
Our point of departure is the equivalence of the six-
vertex model on the square lattice Λ′ with an interacting
dimers model (IDM) on a different square lattice Λ [23].
A dimer configuration ω on Λ is a collection of dimers
covering some of the edges of Λ with the constraint that
every vertex of Λ is covered by one, and only one, dimer.
The general partition function of the IDM is
Zλ =
∑
ω
exp
{
λ
∑
d,d′∈ω
v(d, d′)
}
(5)
where: the first sum is over all the dimer configurations;
the second sum is over any pair of dimers in the config-
uration ω; finally, λ is the dimers coupling constant and
v(d, d) is an interaction that we have to determine to have
the equivalence with the six-vertex model. To do so, first
embed Λ′ into Λ as showed in Fig. 2; then use the map-
ping from the six-vertex configurations to the dimer con-
figurations in Fig. 3. As a consequence set v(d, d′) = 1 if
d and d′ are the two parallel nearest-neighbor dimers in
the last two arrangement in Fig 3, which have the black
3FIG. 2: Superposition of the six-vertex lattice (in gray) and
the interacting dimers lattice (in black). Note the role played
by the bi-partition of the latter.
FIG. 3: Map of the six-vertex configurations on Λ′ into the
dimer model configurations on Λ. The vertex configurations
number j = 1, . . . , 5 correspond to dimer arrangements with
weight 1; the vertex configuration number 6 corresponds to
two dimers arrangement, each of which with a weight eλ. Note
that in this Figure the black sites are in vertical position;
when the black sites are in horizontal position all the dimer
arrangements have to be counted with a weight 1.
sites in vertical positions; and v(d, d′) = 0 otherwise. Let
e0 and e1 the two vectors that span Λ; a point in the
plane will be x = x0e0+x1e1; in particular v0 = e0− e1
and v1 = e0+e1. A natural local bulk observable for the
dimer model is the dimer occupancy νj(x) which is equal
to 1 if the edge {x,x+ ej} is occupied, and 0 otherwise.
The relationships between the dimer occupancy and the
arrow orientation of the equivalent six-vertex model is:
for x a white site,
σ0(x) := ν0(x− e0) + ν1(x)− ν0(x)− ν1(x− e1) (6)
for x a black site,
σ1(x) := ν0(x) + ν1(x) − ν0(x− e0)− ν1(x− e1) . (7)
(As a side remark, also for the dimer model one can in-
troduce an integer height function H(w) for everyw that
is the center of a plaquette of the lattice Λ. The standard
definition is such that, if u is the center of a plaquette of
Λ′ and the center of a plaquette of Λ, one has
H(u) = 2h(u) .
We will not need H(w) in the rest of the paper.) Since
black and white lattice sites play a different role in the
choice of the dimer potential, we need a fermion rep-
resentation of the dimer model that takes into account
the bi-partition of the square lattice. For this reason the
fermion representation that we introduce below is differ-
ent from the one used in [27].
Let L be the Bravais lattice of the black sites of Λ. L
is spanned by the vectors v0 and v1; its primitive cell has
volume vP = 2; and the reciprocal lattice of L is spanned
by vˆ0 =
1
2v0 and vˆ1 =
1
2v1.
When λ = 0 the dimer model is equivalent to a lattice
fermion field without interaction. Namely
Z0 =
∫
Dψ exp
{
−
∑
x,y∈L
Kx,yψ
+
x ψ
−
y+e0
}
(8)
where: {ψ+x , ψ
−
x+e0 : x ∈ L} are Grassmann variables
and Dψ indicates the integration with respect to all of
them; Kx,y is one of the possible Kasteleyn matrix for
the square lattice dimer model
Kx,y = δx,y − δx−2e0,y − δx−e0+e1,y − δx−e0−e1,y .
(8) is the partition function of a free fermion field, i.e. a
Grassmann-valued Gaussian field with moment generator
〈ei
∑
x
(ψ+
x
η−
x
+η+
x
ψ
−
x+e0
)〉0 = e
∑
x,y
S(x−y)η+
x
η−
y
where: the ηx’s are external Grassmann variables; S is
the inverse Kasteleyn matrix
S(x) =
vP
2
∫
1BZ
dk
(2pi)2
eik·(x+e0)
i sin(k · e0)− cos(k · e1)
and 1BZ is the first Brillouin zone. The Fourier transform
of S has two poles at the Fermi momenta k = ωpF for
ω = ±1 and pF = (0,
pi
2 ). Therefore, in view of the study
of the scaling limit, it is convenient to decompose
S(x) =
∑
ω=±
eiωpF ·xSω(x)
for
Sω(x) =
vP
2
∫
1BZ
dk
(2pi)2
eik·(x+e0)χ(k)
i sin(k · e0)− ω sin(k · e1)
4where χ(k) is 1 in a neighborhood of k = 0 and such that
χ(k−pF ) +χ(k+pF ) = 1. Correspondingly, for ε = ±,
ψεx =
∑
ω
eiεωpF ·xψεx,ω (9)
where (ψ+x,+, ψ
+
x,−) and (ψ
−
x,+, ψ
−
x,−)
T are Dirac spinors
with covariances
〈ψ+x,ωψ
+
y,ω′〉0 = 〈ψ
−
x+e0,ωψ
−
y+e0,ω′
〉0 = 0
〈ψ+x,ωψ
−
y+e0,ω′
〉0 = δω,ω′Sω(x − y) . (10)
If we now let λ 6= 0 one can verify that (5) becomes
Zλ = Z0〈e
(1−eλ)V (ψ)〉0 (11)
where V (ψ) is quartic in the Grassmann variables with a
simple explicit formula which is given in the next section.
Besides, it is not difficult to find the leading term for large
distances of the the dimer correlations: if T indicates a
truncated correlation and z = x − y, for two horizontal
dimers
〈ν0(x)ν0(y)〉 − 〈ν0(x)〉〈ν0(y)〉
∼ (−1)z0+z1
∑
ω
〈ψ+x,ωψ
−
x,ω;ψ
+
y,ωψ
−
y,ω〉
T
+ (−1)z0
∑
ω
〈ψ+x,ωψ
−
x,−ω;ψ
+
y,−ωψ
−
y,ω〉
T
, (12)
whereas for one horizontal and one vertical dimer
〈ν1(x)ν0(y)〉 − 〈ν1(x)〉〈ν0(y)〉
∼ (−1)z0+z1
∑
ω
iω〈ψ+x,ωψ
−
x,ω;ψ
+
y,ωψ
−
y,ω〉
T
+ (−1)z0
∑
ω
iω〈ψ+x,ωψ
−
x,−ω;ψ
+
y,−ωψ
−
y,ω〉
T
. (13)
(The above formulas hold regardless of the colors of the
sites x and y.) The Renormalization Group argument
that we will provide in the next section will indicate that
to compute the correlations up to subleading terms, we
can just replace the fields ψ+x,ω, ψ
−
x,ω with the Thirring
model fields ψ†ω(x), ψω(x) times a prefactor 2
− 1
4 eiω
pi
8 per
each of them; from the exact solution of the Thirring
model correlations [29–34] (see also [35])
〈ψ†ω(0)ψω(0);ψ
†
ω(x)ψω(x)〉
T
= cT,0
x′0
2
− x′1
2
− 2iωx′0x
′
1
(x′0
2 + x′1
2)2
〈ψ†ω(0)ψ−ω(0);ψ
†
−ω(x)ψω(x)〉
T
=
cT,−
(x′0
2 + x′1
2)κ−
(14)
where the critical exponent κ− = 1 −
λT
2pi + O(λ
2
T ) and
λT is a parameter of the Thirring model: at first order
λT = 4λ+O(λ
2) (see next section).
IV. RG ANALYSIS
The fermion interaction V (ψ) has explicit formula
∑
ω1,ω2
ω′
1
,ω′
2
v4P
(2pi)7
∫
dk1dk2dq1dq2 ψ̂
+
k1,ω1
ψ̂+k2,ω2ψ̂
−
q1,ω
′
1
ψ̂−
q2,ω
′
2
· δ

 2∑
j=1
(kj + ωjpF )−
2∑
j=1
(qj + ω
′
jpF )

 vω;ω′(k;q)
(15)
where vω;ω′(k;q) ≡ vω1,ω2,ω′1,ω′2(k1,k2,q1,q2) is
2 sin
[
(k1 − k2)
v1
2
+ (ω1 − ω2)
pi
4
]
· sin
[
(q1 − q2)
v0
2
− (ω′1 − ω
′
2)
pi
4
]
. (16)
We follow the RG method in [36]. Integrating out the
large momentum scales, we obtain an effective interaction
∑
n≥1
∑
ω1...,ωn
ω′
1
...,ω′n
∫
dp1 · · · dqn
(2pi)4n−1
ψ̂+p1,ω1 · · · ψ̂
+
pn,ωn
ψ̂−
q1,ω
′
1
· · · ψ̂−qn,ω′n
· δ

 n∑
j=1
(pj + ωjpF )−
n∑
j=1
(qj + ω
′
jpF )

 ŵn;ω;ω′(p;q)
(17)
where ŵn;ω;ω′ ’s are series of Feynman graphs. Some
symmetries are of crucial importance. For R(k0, k1) =
(k1,−k0), and ϑ(k0, k1) = (k1, k0), because of the ex-
plicit formulas of vω;ω′(k;q) and of the Fourier transform
of Sω(x), we have
ŵn;ω;ω′(Rp;Rq) = e
ipi
2
∑
j
ωj ŵn;ω′;ω(q;p)
ŵn;ω;ω′(ϑp;ϑq) = e
i pi
2
∑
j
ωj ŵn;−ω;−ω′(p;q) . (18)
From power counting, there are two kinds of terms that
are not irrelevant: the quartic and quadratic ones. Using
(18), the quartic terms give a local contribution
λ′
∑
x,ω
ψ+x,ωψ
−
x,ωψ
+
x,−ωψ
−
x,−ω (19)
for λ′ = ŵ2;+,−;−,+(0, 0; 0, 0) − ŵ2;+,−;+,−(0, 0; 0, 0) =
−4λ + O(λ′2) the effective coupling constant. The
quadratic terms cannot generate any local contribution
of the form ψ+x,ωψ
−
x,−ω because of the delta function in
(17) and the fact that the momenta are small; therefore,
using (18), their only local contribution is
z
∑
x,ω
ψ+x,ω∂ωψ
−
x,ω , (20)
for z = 12 [−i∂p0ŵ1;+;+(p;p)− ∂p1ŵ1;+;+(p;p)]p=0 =
O(λ2) the field renormalization counterterm and where
5∂ω is the Fourier transform of ik0 − ωk1. An important
fact to note is that we have not included in (20) any mass
term: the localization of the quadratic terms would give
m
∑
x,ω ψ
+
x,ωψ
−
x,ω, for m = ŵ1;ω;ω(0; 0); however, because
of (18), ŵ1;ω;ω(p;q) = iωŵ1;ω;ω(Rq;Rp) and hence
m = 0 .
At infrared scales, the beta function of this fermion model
asymptotically coincides with the beta function of the
Thirring model, which is vanishing [25]. Hence, scaling
each ψεx,ω of a factor 2
− 1
4 eiω
pi
8 so to match the standard
normalization of the free part of the Thirring model, by
comparison with [33], we obtain λT = −λ
′+O(λ2), where
the higher orders are determined by the irrelevant terms.
V. HEIGHT COVARIANCE
For simplicity of notation we derive (4) in the case
u = (−N− 12 )v0+
1
2v1 and x = (2N+1)v0 only, but the
formula for any u and x follows from the same argument.
The height covariance is then given by
N∑
i,j=−N
〈v0 · ∇h(xi) v0 · ∇h(xj)〉 ,
where xj = jv0 +
1
2v1. In the double summation, the
O(N) term cancels [37]: indeed since the summation of
the height difference over any closed contour is vanish-
ing by definition, and since the arrow correlation have a
decay faster than the inverse distance, one can replace
j = −N, . . . , N with |j| ≥ N + 1. Hence the height co-
variance becomes
−
∑
|i|≤N
∑
|j|≥N+1
〈σ1(xi) σ1(xj)〉 .
Now plug (1) into this formula: the staggered term gives
a contribution that is bounded in N , whereas the un-
staggered one gives 2c0 lnN plus terms that are bounded
in N .
VI. CONCLUSION
We have showed that the interacting fermions repre-
sentation of the six-vertex model, in combination with
a Renormalization Group approach, provides a precise
formula for the large distance decay of the arrow-arrow
correlations for small |∆|. More in general, using ideas
in [32, 33], one could show that the scaling limit of the
n-points arrow correlations, apart from staggering pref-
actors, are linear combinations of Thirring model corre-
lations.
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